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Abstract
We study anomalous conductivities in Chiral Superfluids in the framework of two different
holographic models, by means of Kubo formulae. In addition, we point out the existence of
an anomalous transport phenomenon that consists in the presence of a charge density when
the superfluid velocity is aligned with a magnetic field. It has been pointed out recently that
certain chiral conductivities in holographic superfluids exhibit universal behavior at zero tem-
perature. We show that anomalous conductivities always stabilize at low temperatures in our
setup. Even though the particular value they acquire is model-dependent, it seems to be robust
and determined solely by the interplay between the broken symmetries and the anomalies.
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1 Introduction
During the last few years, there has been a increasing interest in the transport phenomena driven
by anomalies of the microscopic Quantum Field Theory (QFT) [1]. Several studies have been car-
ried out from the point of view of both Hydrodynamics [2–7] and Kubo Formulae [8–10]. Due to
anomalies, ordinary fluids respond to the presence of an external magnetic field ~B or vorticity ~ω
generating a current in the direction of the external sources. This has been called the Chiral Mag-
netic Effect (CME) and Chiral Vortical Effect (CVE), respectively. The associated conductivities
are the Chiral Magnetic and Chiral Vortical Conductivities (CMC and CVC respectively). These
coefficients have been computed and understood from many different approaches and perspectives,
both in QFT [11–16] and holography [17–24] (for a recent review, see [25]).
It could be stated that the study of the interplay between anomalous transport and superfluids
started a decade ago; the first approaches to chiral transport (concretely, the Chiral Separation
Effect) where analyzed for high-density QCD, assuming for instance that baryon symmetry is spon-
taneously broken, see [26, 27]. However, a systematic study of Chiral Superfluids has only been
undertaken recently, using different techniques to obtain the hydrodynamic expansion, with partic-
ular emphasis on the anomalous response [28–32].
The results indicate that the effect of the background condensate is two-fold. On the one hand,
unlike the case of ordinary fluids, anomalous conductivities are not fully determined by anomaly
coefficients anymore. On the other, in addition to the Chiral Vortical and Chiral Magnetic effects,
there exist new types of transport phenomena driven by the anomalies. However, until now, we lack
clear predictions for the anomalous response parameters in superfluids.
Remarkably, it has been recently pointed out that, for a certain class of holographic models of chiral
superfluids [33] the zero-temperature behaviour of the CMC and CVC is universal and given by [34]
σbrok.55 (T → 0) =
σunbrok.55
3
, (1.1)
σbrok.CV C(T → 0) = 0 , (1.2)
where "brok." and "unbrok." refer to broken and unbroken phases, respectively.
Here we address possible corrections of the anomalous transport coefficients due to the presence
of condensates, performing an explicit computation of them. We will focus on the strongly coupled
regime and, to simplify the approach, we will stick to s-wave condensates, which correspond to
broken phases in which the order parameter is a scalar. To that end, we use holographic methods.
Contrary to the usual approaches to transport in Chiral Superfluids, here we will rely on linear
response theory to analyze the possible corrections. Kubo formulae provide us with the response
driven by a small external perturbation. These are powerful because they account automatically for
all the corrections to the coefficients and sometimes prove the existence of new transport phenomena
which is difficult to analyze by means of hydrodynamic expansions. Hence, we assume that it is
possible to define the anomalous conductivities in terms of correlators in the broken phase, which
is to say, that there exists a current due to an external magnetic field in both the unbroken and
broken phases1
J i = σ{CME,CSE,55}Bi , (1.3)
J i = σCEEijEj . (1.4)
Where J , B,E correspond to a generic U(1) covariant current, magnetic and electric field, respec-
tively, whereas σ denotes generic conductivities2. Equation (1.4) represents the Chiral Electric
Effect (CEE), an anomalous transport phenomenon which is present only for Chiral Superfluids at
finite superfluid velocity [31]. We will propose a Kubo formula for the Chiral Electric Conductivity
(CEC) and compute its value in our models.
1For a detailed analysis of some of the Kubo formulae applied to Chiral Superfluids, see [35]
2CSE stands for Chiral Separation Effect.
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In addition, we emphasize the existence of a type of transport phenomena in Chiral Superfluids
that to our knowledge has been overlooked so far. We will call it Chiral Charge Generation Effect
(CCGE). It establishes the presence of a charge density whenever the supervelocity is aligned with
an external magnetic field
ρ = σˆ ~ξ · ~B (1.5)
here ~ξ is the superfluid velocity and σˆ the corresponding conductivity (CCGC). We will provide a
Kubo formula for it in Section 1.2 and compute its value, showing that it is generically different
from zero. The response prescribed by (1.5) is not formally new, even though we believe its physical
importance has not been stressed before. It has appeared in the literature and for instance it can
be mapped to the term S1 of equation (2.31) of [32] 3. Such a term establishes the presence of a
charge density whenever a transverse London-type-current S1 = ijkζi∂jζk is acting on the system.
Since ζk = −∂kφ + Ak (see [32]) we propose that there is an effective response of the form (1.5)
arising from S1 = ijkζ0i ∂jAk+.... We believe that such a transport phenomenon leads to interesting
phenomenological implications.
Notice that, for the above formulae to make sense, it is important in general that the back-
ground we are considering is stable in the presence of a (perturbatively small) magnetic field, i.e.
that there exists a perturbative expansion in the amplitude of a external magnetic field. Given such
a perturbative expansion, at zeroth order the holographic superfluid corresponds to the background
considered here. This is consistent with the usage of Kubo Formulae to compute the transport
coefficients. However, for finite external magnetic fields, the holographic superfluid gets affected
and, in particular, it generates London-type currents [37]. Therefore, one could argue against the
validity of our results beyond perturbatively small external sources. In order to avoid that potential
issue, in Section 3 we study a U(1)×U(1) model, in which only one of the U(1)’s undergoes a phase
transition and thus we can study how the (unscreened) magnetic field associated to the unbroken
symmetry enters the chiral transport properties.
In what follows we will work with global symmetries in the QFT, for they are very naturally ac-
commodated within holography. This means that we can restrict ourselves to configurations which
do not excite the anomaly. This is a pertinent remark, since having a dynamical photon would
imply the existence of general loop corrections to the anomalous transport coefficients [38] which
are important even in the hydrodynamic approximation. Despite the fact that there is no photon
here, in the broken phase the Goldstone boson could in general give important corrections at strong
coupling. However, we expect our calculation not to capture all these contributions, for they are
subleading in the classical gravity approximation.
A source of the corrections that we should be able to capture within holography is the one associated
to the background scalar field. For instance, in [39] the Chiral Separation Conductivity (CSC) was
indeed found to present corrections in the case of a linear sigma model (the background scalar field
gives an effective mass to the fermions through the Yukawa coupling and contributes to the CSC).
Entropic arguments were used in [31] to extract the Hydrodynamics of Chiral Superfluids in
the presence of external unbroken gauge fields. The Chiral Electric Effect was predicted and some
possible generic corrections to the CMC and CVC were found. Moreover, in [34] it was argued that
such corrections do not vanish but become universal (model independent) at low temperatures and
the CMC and the CVC were computed at T = 0, indeed finding a universal result. Our models are
restricted to the probe limit and hence we will not be able to reach T → 0; furthermore, we cannot
induce metric perturbations and hence the CVC cannot be calculated. However, we observe that
the chiral conductivities stabilize fast enough to be able to observe their T = 0 behaviour even at
temperatures close enough to Tc, where our computations are reliable.
In what follows we consider two models, one in which a U(1) anomalous symmetry undergoes a
phase transition and one in which we have two U(1) symmetries and only one of them develops a
3We thank Carlos Hoyos for pointing this out. See also [36]
3
condensate. In the absence of supervelocity the former case reduces to a truncation of the model
of [34] and indeed we observe that σ55 approaches the value prescribed by equation (1.1). In the
latter model (not considered so far in the literature) we can define three non-vanishing anomalous
conductivities at zero supervelocity [40]; our results suggest that all of them approach universal
values at low temperatures. Remarkably enough, the universal ratio is always different from 1/3
and, in particular, the CMC vanishes as we increase the chemical potential.
1.1 Remarks on the definition of the current
At this point it is important to point out several remarks related to the definition of the currents.
In principle, one could use the consistent currents to define the anomalous correlators. As pointed
out in [41], one has to be careful in this case, for the gauge fields at infinity are not directly related to
the chemical potential of the theory. In [40] an holographic calculation of the anomalous transport
coefficients, taking the previous issue into account, was carried out; it was shown how one has to
give up the condition that the background gauge field vanishes at the horizon in order to be able
to distinguish the source from the chemical potential.
In the presence of a condensate, regularity imposes that the gauge field must be zero at the horizon.
Hence, it is better to work from the start with the covariant definition of the current, as in [42].
Notice that this amounts to neglecting the contribution to the current operator coming from the
holographic Chern-Simons term. With this manipulation there is no trace of the sources in the
correlators and one can perfectly work with a boundary condition such that the background gauge
field vanishes at the horizon. The resulting correlators are the ones of [40] with α = β = 0.
Physically, we thus will be working with the covariant current4, and our computed retarded two-
point functions contain therefore one covariant and one consistent current, namely
GR ∼ 〈J covJ cons〉 . (1.6)
Notice that this in particular implies that, no matter the model under consideration, none of our (co-
variant) currents is conserved in general. However, this is not a problem at all since our background
gauge field configurations are such that the anomaly is not excited.
1.2 Remarks on the Kubo Formulae
Let us point out some remarks on the Kubo formulae we are going to use. We lack formal
derivation of the one corresponding to the CEC. However, assuming a constitutive relation of the
form (1.4), we can derive a suitable Kubo formula for it. We point out that we do not intend to make
contact with the hydrodynamic construction of [31] (for example, our Kubo relations are associated
to the laboratory frame, not the Landau frame). Instead, we will propose suitable Kubo formulae
for the conductivities we aim to study, based on the fact that we know which the gauge-invariant
sources are, as well as the type of response that we expect. Our Kubo formulae read
σ{55,CSE,CME} = lim
k→0
i
2k
〈JyJz〉R (ω = 0, k) , (1.7)
σCEC = lim
ω→0
i
2ω
〈JyJz〉R (ω, k = 0) , (1.8)
σCCGE = lim
k→0
i
2k⊥
〈
J0Jy
〉
R (ω = 0, k) . (1.9)
Where k⊥ means that the momentum points in a direction transverse to the supervelocity. All the
conductivities in (1.7) are associated to similar correlators. The distinction between them comes
from the nature of the currents inside the two point functions and it only makes sense in the
4The covariant current is a gauge-invariant object and thus the source that couples to it is a good chemical
potential. Therefore, by working from the begining with the covariant current we avoid the necessity of taking into
account the difference between the source for the consistent current, A0, and the actual (gauge-invariant) chemical
potential, µ (see [40] for a detailed discussion on this issue).
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presence of more than one U(1). This will be made explicit in Section 3. We believe the above
provide suitable expressions due to the following
• All the above conductivities vanish in the absence of anomaly.
• For σ{55;CSE;CME} we rely on the fact that they are related to the response to an external
magnetic field by definition. Moreover, as we will see, (1.7) is continuous through the phase
transition, matching the value that σ{55,CSE,CME} shows in the unbroken phase. In addition
to this, our formula coincides with the one of [35].
• In the case of σCEC , we take into account that it corresponds to the effect of an external
electric field, as in [31]. With this in mind, we choose a kinematic limit such that it can be
drastically distinguished from the other anomalous transport coefficients. Moreover, we will
observe that σCEC ∼ ξ at low temperatures.
• The formula (1.9) can be derived from the discussion of [35] (our notation is also taken from
that reference). We start with the term J0 = −T0eσg1,νS1 5 and take the variation
δS1
δAl
= 2ikj
ijkζeq.i
δζeq.k
δAl
|sources=0 (1.10)
where the 2 comes from the fact that we have twice the same contribution ijkζeq.i ∂j
δζeq.k
δAl
. For
transverse momentum, we use equation (3.29) of [35], yielding
δζeq.i
δAl
=δli −
kik
l
k2
− 2iT0c3kiζ l0 , (1.11)
δS1
δAl
=2ikj
ijkζ0i
(
δlk −
kkk
l
k2
− 2iT0c3kkζ l0
)
. (1.12)
Now, kkkjkj = 0 and hence, to first order in k we have〈
J0J l
〉
= −2iTg1,νkjijlζi +O(k2) (1.13)
where all the equilibrium super/subscripts "0" have been omitted. From here,
lmnG0lR = −2iTg1,νkjζi
(
δimδ
j
n − δjmδin
)
(1.14)
where G0lR ≡
〈
J0J l
〉
. The formula (1.5) can be recovered by assuming m = z, n = x. In our
notation ζi ≡ ξi and we get6
σCCGE ≡ Tξzg1,ν = lim
kx→0
i
2kx
G0yR (ω = 0) (1.15)
To avoid any possible confusion let us point out that, taking advantage of the fact that we work with
a fixed component of the supervelocity, throughout this work we will usually absorb the supervelocity
factors into the conductivities, as prescribed by equations (1.8) and (1.9). This can be seen explicitly
in (1.15). Of course, in general one has to take into account that the CEE and CCGE are linear in
the supervelocity (a vector) and write expressions like (1.5) instead.
In Section 2 we present a simple model in which we only have one U(1) anomalous symmetry
that gets broken spontaneously. We reproduce the outcomes of [34] and we also include finite
supervelocity and analyze the results; in particular, we compute the CEC and the CCGC via Kubo
formulae, showing that they do not vanish in general. Then we move to Section 3, where a more
realistic model is considered: we work with a U(1) × U(1) symmetry, which can be interpreted as
having both axial and vector currents (for a different interpretation, see the main text), with the
condensate coupled to the vector sector. The richer set of chiral conductivities is analyzed (both
at zero and finite supervelocity) with special emphasis on the T → 0 behaviour suggested by data.
Section 4 includes interpretations, conclusions and future directions of the present work.
5g1,ν is the derivative of the thermal coefficient g1 with respect to ν ≡ µ/T [32]
6Notice in passing that the coefficient g1, as defined in [32], is associated to a gauge-invariant term and hence
cannot be fixed by anomaly matching. This makes the relation between chiral transport coefficients and underlying
anomalies more subtle than in the case of ordinary fluids (see however Section 4.1).
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2 Broken Anomalous symmetry
We want to analyze, from the holographic point of view, how anomalous conductivities are
altered due to the presence of an s-wave condensate. To this end we consider a holographic super-
conductor plus a Chern-Simons term that induces a U(1)3 anomaly in the dual field theory.
From the point of view of the dual field theory we have a spontaneously broken U(1) anomalous
global symmetry. The action of the bottom-up model reads
S =
ˆ
d5x
√−g
(
−1
4
FMNF
MN +
κ
3
MABCDAMFABFCD −DMΨDMΨ−m2Ψ¯Ψ
)
(2.16)
This is the model of [34] with Vψ = 1, V = m2Ψ¯Ψ and κ = c/8. In what follows we will be
working with the covariant definition of the current, meaning that we are neglecting the Chern-
Simons contribution to the definition of Jµ.
We take the Schwarzschild AdS Black Brane in 5 dimensions as our background metric in the bulk
ds2 = −f(r)dt2 + dr
2
f(r)
+
r2
L2
(dx2 + dy2 + dz2) (2.17)
being f(r) = r
2
L2
− r2H
r2
. From now on we will work in adimensional units, rescaling all the L2 factors
to one. Our ansatz for the background fields consists of a non-vanishing temporal and spatial
component of the gauge field and the real component of the scalar field. All of them with just radial
dependence
A = φ(r)dt+ V (r)dx; Ψ(r) = ψ(r) (2.18)
With this ansatz the background equations of motion reduce to
φ′′ +
3
r
φ′ − 2ψ
2
f
φ = 0 (2.19)
ψ′′ +
(
f ′
f
+
3
r
)
ψ′ +
φ2
f2
ψ − V
2
r2f
ψ − m
2
f
ψ = 0 (2.20)
V ′′ +
(
f ′
f
+
1
r
)
V ′ − 2ψ
2
f
V = 0 (2.21)
The equations boil down to the ones which govern the usual s-wave holographic superconductor in
the presence of supervelocity. This could have been anticipated by noticing that the ansatz does
not excite the Chern-Simons contribution κMABCDFABFCD to the gauge field equation. Hence,
the anomaly is absent at the level of the background. However, it has important implications for
the perturbations.
In our convention we choose to fix the temperature and interpret the adimensional quantities
µ¯ =
µ
T
; ~¯ξ =
~ξ
T
(2.22)
as the chemical potential and the supervelocity of the system (along this work we make some abuse
of language and refer to the µ¯ → ∞ regime as the T → 0 limit), which are determined by the
boundary conditions of the fields to be imposed at spatial infinity:
φ(r)r→∞ ∼ µ5 V (r)r→∞ ∼ ξ{x,z} (2.23)
By ξ{x,z} we mean that the supervelocity will be taken to be pointing either in the x or the z-
direction. In addition, we choose the standard quantization, by imposing the boundary conditions
to the leading term in the asymtotic expansion of the scalar field
ψ(r)r→∞ ∼ ψ1
r∆−
+
ψ2
r∆+
+ ...
ψ1 = 0 ψ2 = 〈O〉 (2.24)
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Figure 1: Axial conductivity divided by the chemical potential and the anomaly coefficient versus
chemical potential. µ∗5c is the critical chemical potential at zero supervelocity . (Left) Each line
corresponds to same mass value m2 = −7/2 and different superfluid velocity, from ξx/T = 0.1
(blue) to ξx/T = 2.1 (orange). The dashed horizontal line corresponds to the unbroken phase,
where σ55 ∼ µ5. In the broken phase this conductivity approaches 1/3 of the unbroken phase value
for large enough chemical potential. This is compatible with the results of [34]. (Right) Each line
corresponds to a different mass (red m2 = −7/2, blue m2 = −3, green m2 = −5/2) of the scalar
field in the bulk. As one can see the 1/3 factor is unaltered by the dimension of the operator that
condenses. The conductivity depends linearly with κ.
We solve equations (2.19)-(2.21) with this boundary conditions numerically.
Before we proceed to discuss our results for the conductivities a comment is in order regarding the
background we have constructed. The phase diagram of a holographic superconductor in presence
of finite supervelocity was first studied in [43, 44]. In a later study [45] it was shown that the
system presents instabilities at finite momentum close to the phase transition for a large range of
supervelocities. The stable background in that region is not known. Although this analysis was
made in AdS3+1 we expect it to apply in AdS4+1 as well. We do not discard those issues to have
some influence, even though, as we will see later on, all of our results seem to be perfectly consistent
for every value of the chemical potential. In any case, let us emphasize that our forthcoming main
observations have to do with the behaviour of the conductivities far from the transition point, where
the above potential issues are not expected to play any role.
2.1 The Chiral conductivities in the broken phase: Axial conductivity and CEC
In order to compute the chiral conductivities from the Kubo formulae (1.3)-(1.5) we study per-
turbations on top of the background we have built. We first want to explore the axial conductivity7
and the CEC, therefore we switch on the perturbations with non-vanishing frequency and momen-
tum pointing in the direction parallel to the supervelocity (that we choose to be the x-direction).
The sector we are interested in decouples from the rest of the field perturbations in this kinematic
setup, leaving us with just the perturbations of the transverse gauge fields
δAy = ay(r, t, x); δAz = az(r, t, x) (2.25)
7In the literature this conductivity has often been directly associated to the CMC, for the qualitative dependence
of the three conductivities of (1.3) on the axial/vector chemical potentials is the same in the absence of condensate.
However, there are significant differences when a condensate distinguishing between axial and vector currents is
present, as we will see. Thus, we will stick to the notation of [40] and denote as CMC the conductivity related to a
vector-vector correlator when a AVV anomaly is switched on.
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Figure 2: (Left) Chiral electric conductivity versus chemical potential. Each line corresponds
to a different superfluid velocity, ξx/T = 0.1 − 2.1. We observe that σCEE/κT = 0 at µ5c and it
approaches a constant value at low temperatures/ large chemical potential. (Right) Dots correspond
to σCEE/κT versus ξ¯x in the large µ5 region in which σCEE/κT is independent of µ5. The solid
line corresponds to a linear fit; the slope is 2.667. The conductivity depends linearly with κ.
In momentum space the equations read
a′′y +
(
f ′
f
+
1
r
)
a′y +
1
f
(
ω2
f
− k
2L2
r2
− 2ψ2
)
ay + 16ik
κL
rf
φ′az + 16iω
κL
rf
V ′az = 0 (2.26)
a′′z +
(
f ′
f
+
1
r
)
a′z +
1
f
(
ω2
f
− k
2L2
r2
− 2ψ2
)
az − 16ikκL
rf
φ′ay − 16iωκL
rf
V ′ay = 0 (2.27)
In the unbroken phase it is possible to find an analytic solution to the above system of equations
in the kinematic limit ω = 0 and to first order in momentum kx ≡ k. Recall that this is all that
we need in order to obtain σ55, making use of Kubo formulae [21]. However, in the case at hand
the background has been computed numerically and therefore we will look directly for numerical
solutions to the system (2.26)-(2.27).
We are now ready to calculate the Kubo formulae shown in (1.3)-(1.5). The problem reduces to
numerically computing the two retarded 2-point functions with the usual holographic prescription
[46] (see the Appendix for details on the computation).
A comment that applies to all figures is in order here. The critical value of the chemical potential
depends on the value of the supervelocity and the mass of the scalar field. In our convention, µ∗c is
the critical value at zero supervelocity and m2 = −7/2.
Our results for σ55 are depicted in Figure 1. We observe that σ55 is proportional to the (axial)
chemical potential even in the broken phase. However, the coefficient of proportionality decreases
from 1 to 1/3 in units of e2Nc/4pi2. Numerically, in terms of κ we get8
σ55
(
µ¯5
µ¯5c
>> 1
)
κµ5
= 2.668 ≈ 8
3
. (2.28)
This reduction has been predicted to be universal. In our model, we can check that this is indepen-
dent from the mass of the bulk scalar field (right plot of Figure 1). Remarkably, finite supervelocity
8In order to make contact with the computation in the unbroken phase of [21], notice that we have set 16piG ≡ 1
in (2.16). Hence, their result σunbrok.B = 8κµ5/(16piG) corresponds to σunbrok.55 = 8µ5κ with our conventions.
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Figure 3: (Left) Chiral charge generation conductivity versus chemical potential, different lines
correspond to different values of the supervelocity, ξx/T = 0.1 − 2.1. (Right) Dots correspond to
σCCGE versus supervelocity for large values of the chemical potential. The solid line corresponds to
a linear fit; the slope is 2.667. The conductivity depends linearly with κ.
does not alter these conclusions, as depicted in Figure 1 (left); the correction to the transport co-
efficient is independent of the supervelocity. As a final remark, we find that the dependence of the
axial conductivity with κ is unaffected by the presence of the condensate and the supervelocity,
namely σ55 ∼ κ.
Moving to the CEC, we observe that it starts increasing but rapidly approaches a constant value,
independent of µ5/T . On the contrary, it linearly increases with the superfluid velocity for large
chemical potential, see Figure 2. Or results thus strongly suggest that, at low temperatures,
σCEE
(
µ¯5
µ¯5c
>> 1
)
κT
= 2.667
ξx
T
≈ 8
3
ξx
T
. (2.29)
Notice that this value is essentially the same as the observed for σ55 at large axial chemical potential.
Again the dependence with κ is linear.
2.2 The Chiral Charge Generation Effect
Let us now induce a supervelocity in the z-direction, by turning on Az(r) instead of Ax(r) in
the bulk. This, as anticipated, influences the quasinormal modes, even though the background
equations remain the same as in the previous subsection (due to the fact that, without superflow,
the background is isotropic), with the replacement Ax ↔ Az. On top of this we switch on pertur-
bations with non-vanishing frequency and momentum pointing in the x-direction (transverse to the
supervelocity). The equations for the perturbations in the transverse sector are more involved now
for they couple to all other perturbations. They can be found in Appendix B.1 .
As mentioned in the introduction, the CCGE corresponds to a "generation" of charge proportional
to the scalar product of the supervelocity and the magnetic field
ρ = σˆ ~ξ · ~B . (2.30)
As aforementioned, for convenience we will absorb the supervelocity component into the conductiv-
ity, i.e. σCCGE = σˆξz. Note that the charge vanishes if the supervelocity is parallel to the external
momentum. In order to observe such an effect, we will use (1.9).
We proceed as before and present our result in Figure 3 . We observe that indeed this phenomenon
is not negligible in the presence of supervelocity. Moreover, it stabilizes at large enough chemical
9
potential; in the region in which σCCGE does not depend on µ¯5, it presents a clear linear depen-
dence on the superfluid velocity (right plot of Figure 3). We can perform a numerical quadratic fit,
obtaining
σCCGE
(
µ¯5
µ¯5c
>> 1
)
κT
= 2.667
ξz
T
≈ 8
3
ξz
T
(2.31)
to a good approximation. Again, the slope has the same value as for the CEC. Let us emphasize that
the behaviour of this transport coefficient at the phase transition is strange at first sight. Naively,
we would have expected σCCGE(µ¯c) = 0 instead of the observed value. We comment on this issue
in Section 4.
3 Model with axial and vector currents
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Figure 4: (Left) Axial conductivity versus vector chemical potential at µ¯5 = 1 and ξx/T = 0.1−2.1.
We find that σ55 is independent of both the vector chemical potential and the superfluid velocity.
(Right) σ55 versus axial chemical potential. The dependence with µ5 is linear, as expected. The
conductivity depends linearly with κ.
In this section we study the more realistic model, in which we consider two U(1) bulk gauge
fields, being only one of them spontaneously broken. There are two different interpretations of this
model:
• We have axial and vector currents U(1)V × U(1)A and the condensate is coupled only to the
vector part, whereas the axial symmetry is unbroken. This realizes the interplay between
anomalous axial and vector currents, first considered in [40].
The fact that the axial current is not coupled to the scalar field means that the axial charge
of the condensate is zero, so the axial chemical potential can be made constant through the
phase transition and is not affected by the condensation whatsoever.
• The unbroken U(1) is a generic field and the two U(1)’s are intertwined in a particular way by
the anomaly. With this second interpretation, crossed anomalous correlators can be related
to the response of the (broken) current to an external unscreened magnetic field, associated
to the unbroken symmetry. This avoids any possible problem with the physical realization
external magnetic fields contained in the bulk of the system.
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Figure 5: (Left) Chiral separation conductivity divided by vector chemical potential versus vector
chemical potential, µ¯5 = 1 and ξx/T = 0.1−2.1. The conductivity now approaches 1/2 of the value
at µ¯c, independently of ξx/T . (Right) The plot shows this conductivity against the axial chemical
potential for generic values of µ. σCSE is independent of the axial chemical potential in both the
broken and ubroken phases. The conductivity depends linearly with κ.
Despite of the two possible interpretations, we will use a notation adapted to the first one. The
action of the model contains a complex scalar field coupled to the vector sector
L = −1
4
FMNF
MN − 1
4
GMNG
MN +
κ
2
MABCDAM (3FABFCD +GABGCD)−DMΨDMΨ−m2Ψ¯Ψ .
(3.32)
Here F is the field strength for the vector gauge field V and G is the analogue for the axial gauge
field A. Moreover DMΨ = ∂MΨ− iVMΨ. We consider AAA and AVV anomalies.
The equations of motion for the background are the same as (2.19)-(2.21), with an additional
equation for the background axial gauge field A(r) = K(r)dt
K ′′ +
3
r
K ′ = 0 (3.33)
which has a trivial analytic solution K(r) = K0 −K1/r2. The boundary conditions for the gauge
fields are:
φ(r)r→∞ ∼ µ V (r)r→∞ ∼ ξ{x,z} K(r)r→∞ ∼ µ5 (3.34)
We impose again standard quantization for the scalar field. First we choose the supervelocity to
point in the x-direction. On top of this we switch on the perturbations with non-vanishing frequency
and momentum parallel to the supervelocity. The equations for the perturbations in the transverse
sector can be found in Appendix B.2. There is a wider set of correlators that we can study in this
set up
σ55 = lim
k→0
i
2k
〈
JyAJ
z
A
〉
R (ω = 0, k) (3.35)
σCSE = lim
k→0
i
2k
〈
JyV J
z
A
〉
R (ω = 0, k) (3.36)
σCME = lim
k→0
i
2k
〈
JyV J
z
V
〉
R (ω = 0, k) (3.37)
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Figure 6: (Left) Chiral magnetic conductivity versus vector chemical potential with µ¯5 = 1.
Different lines correspond to different values of the superfluid velocity, with ξx/T = 0.1− 2.1. The
best fit shows that for large enough values of µ¯ it decreases as σ ∼ 1/µ¯2. (Right) σCME/κT vs. axial
chemical potential with µ/T = 2.5. The linear dependence with µ5, characteristic of the unbroken
phase, remains unaltered. The conductivity depends linearly with κ.
In the superfluid phase, after assuming that the supervelocity is transverse to the momentum, we
can also consider the Kubo formulae related to the Chiral Electric Effect and the Chiral Charge
Generation Effect
σACCGE = lim
k→0
i
2k⊥
〈
J0AJ
y
V
〉
R (ω = 0, k) ; σ
V
CCGE = lim
k→0
i
2k⊥
〈
J0V J
y
A
〉
R (ω = 0, k) (3.38)
σACEE = lim
k→0
i
2ω
〈
JyAJ
z
V
〉
R (ω, k = 0) ; σ
V
CEE = lim
k→0
i
2ω
〈
JyV J
z
A
〉
R (ω, k = 0) (3.39)
We expect them to receive different corrections due to the fact that the condensate distinguishes
between the vector and the axial symmetry. Notice that our notation establishes that, for example,
ρA = σ
A
CCGEB
V
z and ρV = σVCCGEB
A
z .
Our results are as follows. On the one hand, the correlator 〈Jy5Jz5 〉 does not get altered due
to the condensate, and is linear in µ5, as depicted in Figure 4. The behavior could have been
anticipated, since the on-shell action is diagonal in vector/axial sectors and it is clear that in the
dynamical equations (2.78)-(2.79) the mixing between ay and az is independent of the condensate.
This is ultimately due to the fact that the condensate only couples to the vector sector and that
the correlator 〈Jy5Jz5 〉 is only sensitive to the AAA anomaly9.
On the other hand, the results concerning σCSE are summarized in Figure 5. This conductivity
acts similarly to that encountered in the first section. This was expected by the form of the
equations of motion: in this model, the correlator mixing between ay and vz is mediated by the
same background fields as in the model with only axial symmetry. Remarkably, unlike the case with
a U(1)3 anomaly, at large values of µ¯ we obtain10
σCSE
(
µ¯
µ¯c
>> 1
)
κµ
= 2.998 ≈ σCSE(µ¯c)
2κµ
, (3.40)
9The independence of the condensate can be spoiled by altering the model. For instance, by inducing an axial
component for the condensate.
10The numerical value σCSE(Tc)/(κµ) ≈ 6 depends on the strength of the κ-term in the equations of motion and
is not of fundamental importance, for it can be easily rescaled (compare to Section 2).
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Figure 7: (Left) Chiral electric conductivity versus vector chemical potential at µ¯5 = 1 and
ξx/T = 0.1− 2.1 (bottom to top). Both σVCEE/T and σACEE/T show the same behaviour . (Right)
Chiral electric conductivities versus supervelocity at µ¯5 = 1 in the region where they don’t depend
on µ. The conductivity depends linearly with κ.
independently of the superfluid velocity. This result indicates that the T → 0 behaviour is strongly
dependent on the structure of the broken symmetries and the interplay of the anomalies. Moreover,
the conductivity does not depend on the axial chemical potential (right plot).
Finally, let us comment on the σCME . The results are displayed in Figure 6. We find a linear
dependence on µ¯5, as expected. However, in the presence of the condensate we observe a new
dependence on the vector chemical potential, which is absent in the unbroken phase. The chemical
potential diminishes the value of the CMC strongly and it tends to zero for large values of µ¯ as
σCME
(
µ¯
µ¯c
>> 1
)
κT
≈ g 1
µ¯2
(3.41)
with a numerical value for g ≈ 2.15. We elaborate on this in Section 4.
For the chiral transport coefficients associated to the CEE, we observe that correlators of the
form 〈JAJA〉 (k = 0) and 〈JV JV 〉 (k = 0) vanish identically. Concerning the ones mixing axial and
vector currents, we observe that σVCEE = σ
A
CEE ≡ σ(V,A)CEE . The result is depicted in Figure 7. Fitting
the right plot to a parabola, we get
σ
(V,A)
CEE
(
µ¯
µ¯c
>> 1
)
κT
= 3.003
ξx
T
. (3.42)
with remarkable precision.
3.1 U(1)× U(1) model with transverse supervelocity
As we did in the previous model, in order to study the CCGE we switch on perturbations with
non-zero frequency and momentum pointing in the x-direction, transverse to the superfluid velocity
(z-direction). The system of equations with transverse supervelocity can be found in Appendix B.3.
We report the results on the CCGC in Figure 8.
As shown in there are now two different conductivities related to the CCGE, which we denote σ(V )CCGE
and σ(A)CCGE They exhibit a very different behavior close to µ¯c; the conductivity σ
(V )
CCGE is similar to
the one found in Section 2.2, whereas σ(A)CCGE looks like the CEC, with a good continuous behavior at
the phase transition. We comment on those differences in Section 4. At low temperatures, however,
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both σ(A)CCGE and σ
(V )
CCGE tend to the same value and the dependence with the supervelocity is linear
(Figure 9). A quadratic fit yields
σ
(V,A)
CCGE
(
µ¯
µ¯c
>> 1
)
κT
= 3.003
ξz
T
. (3.43)
1 2 3 4
Μ
Μc
*
0
2
4
6
8
10
ΣC2 GE HAL
ΚT
1 2 3 4
Μ
Μc
*
0
5
10
15
ΣC2 GE HVL
ΚT
Figure 8: σ(A)CCGE/κT (Left) and σ
(V )
CCGE/κT (Right) versus vector chemical potential at µ¯5 = 1
and ξx/T = 0.1 − 2.1 (bottom to top). For large enough values of the chemical potential both
conductivities show the same behaviour. Both depend linearly with κ
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Figure 9: Both conductivities σ(A,V )CCGE show the same dependence on the vector chemical potential
µ and the supervelocity ξz for large enough values of µ. The slope coincides with the slope for the
CEC, despite the radically different behaviour close to the phase transition.
Remarkably enough, we point out that the conductivity
σ
(V V )
CCGE = limk→0
i
2k⊥
〈
J0V J
y
V
〉
R (ω = 0, k) , (3.44)
depicted in Figure 10, is not negligible. In principle we could have anticipated it to vanish because
of the structure of the anomalies included in the Lagrangian (3.32). As shown in the plot, this only
occurs far enough form the phase transition. This effect points towards an "effective VVV anomaly"
(see also the results concerning the CMC) that is present close to the phase transition.
14
0 1 2 3 4
m
mc
0
1
2
3
4
5
6
sC2 GE HVVL
T
Figure 10: Plot of the σ(V V )CCGE conductivity (defined in the text) versus vector chemical potential
for several values of the supervelocity.
4 Conclusions, Educated guesses and Future directions
We have analyzed the explicit form of the chiral conductivities in two holographic models with
U(1) and U(1)× U(1) symmetries, in presence of a scalar condensate, at finite superfluid velocity.
We have presented an explicit calculation of CEE by using a suitable Kubo formula, which allowed
us to prove in a robust way that the CEC is in general not vanishing in superfluids.
Moreover, by means of the Kubo formulae we have found an effect whose existence, as far as we are
aware, had not been emphasized before in the literature. This induces the presence of axial charge
in the presence of supervelocity and a magnetic field
ρA ∝ ~ξ · ~B (4.45)
Such a term has interesting consequences. For instance, the Chiral Magnetic Effect would be dy-
namically produced in a superfluid in the presence of an external magnetic field aligned with the
supervelocity. We believe this term deserves more investigation in the future, in order to fully un-
derstand the mechanism by which charge is "generated", as well as to analyze the implications that
it could lead to.
In addition, we have found generic corrections, due to the background condensate, to all of the
anomalous conductivities. Such corrections seem to take a constant value as T → 0 in all of the
cases. We observe that such value is model-dependent, but seems to be strongly constrained by the
number of broken symmetries and the interplay between the anomalies.
Section 2 is devoted to the study of the chiral transport of a broken anomalous U(1) symmetry.
At ξ = 0, we found the result previously pointed out, namely, the value of the conductivity is 1/3
of that in the unbroken phase, i.e,
σ55(T → 0) ≈ 8κ
3
µ5 =
σ55(Tc)
3
. (4.46)
This fact turns out not to be affected when a supervelocity parallel to the momentum is considered.
Moreover, as soon as supervelocity is considered, we have two new anomalous effects present: The
Chiral Electric Effect and the Chiral Charge Generation Effect. We proposed suitable Kubo formulae
for both the CEE and CCGE and computed their value, finding that both become independent
from the chemical potential at sufficiently low temperatures. Moreover, their dependence with the
superfluid velocity is linear, i.e.,
σCEE(T → 0) ≈ σCCGE(T → 0) ≈ 8κ
3
ξx , (4.47)
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Section 3 deals with two U(1) global symmetries, giving rise to a more rich set of anomalous
conductivities with different behaviors once one of the U(1) symmetries gets spontaneously broken.
The transport coefficient σ55 remains the same as in the unbroken phase, but the CMC now acquires
a dependence of the vector chemical potential that makes it vanish as we lower the temperature.
This result suggests that the charged particles stored in the condensate (forming "cooper pairs")
do not contribute to the CMC, which hence vanishes at sufficiently low temperatures. The decrease
of the CMC seems to be following a law of the form σCME/T ∼ g/µ¯2, with g ≈ 2.15. The scaling
of σCME with the axial chemical potential is the usual one, namely σCME ∼ µA. Finally, the CSE
decreases up to 1/2 the value that it presents in the unbroken phase, yielding
σCSE(T → 0) ≈ 6κ
2
µ =
σCSE(Tc)
2
. (4.48)
These results do not get altered when inducing supervelocity. Furthermore, we observe σVCEE =
σACEE , both presenting a qualitative behavior that is similar to the one of Section 2; however the
scaling with supervelocity is now
σ
(V,A)
CEE (T → 0) ≈ 3κξx (4.49)
Finally, σVCCGE 6= σACCGE close to the phase transition. At low temperatures both tend to the
same value and the same dependence on supervelocity, namely
σ
(V,A)
CCGE(T → 0) ≈ 3κξz (4.50)
4.1 On the Low temperature behaviour of the Chiral Conductivities
A simple argument by which the CCGE is expected to arise in superfluids is the following.
Imagine that we have free Chiral fermions coupled to an electromagnetic field Aµ.
L = ψ¯(Vµ −Aµ)γµψ (4.51)
We also couple them to an external field Vµ associated to a U(1) symmetry that gets spontaneously
broken. The axial current jµaxial = ψ¯γ
µγ5ψ is anomalous. Hence, in general
∂µj
µ
axial = a F ∧ F + b G ∧ F + c G ∧G (4.52)
where a, b and c are coefficients; F and G are the stress-tensors associated to Aµ and Vµ respec-
tively. There is no external axial field. Let us concentrate on the term proportional to b; due to
the Bianchi identities, it can be rewritten as b ∂µ(µνρλVνFρλ)11. At this point, we substitute the
actual value of Vµ, which, assuming that µ = 0, corresponds to Vµ = (0, ξx, 0, 0)12. Assuming that
jµaxial does not depend on the position, we find, in momentum space
ωjµaxial = ωb
µxρλξxFρλ + ... (4.53)
leading to both the Chiral Electric Effect and the Chiral Charge Generation Effect, i.e,
jyaxial ∼ byxtzξxEz (4.54)
jtaxial ∼ btxyzξxBx (4.55)
11 Notice that, since the symmetry is spontaneously broken, in principle we have to substitute Vµ → Vµ − ∂µφ,
where φ is the Goldstone mode. However, for simplicity we stick to a gauge in which φ = 0. This will not influence
our conclusions.
12One can consider ξ → ξe−iωt instead, to bring down the frequency in 4.53 consistently. At the end of the
calculation all the ω factors will cancel.
16
The above argument "with the hands" leads us to some notion of covariantization of those effects13.
This would imply that for the U(1)3 anomaly, the anomalous contribution to the current can be
recast in a covariant form
Jµanom(T → 0) = ΣASCEµνρλuSνFρλ + ... (4.56)
where uSµ = −µuµ+ζνP νµ is the (non-normalized) superfluid velocity and the "..." indicate possible
corrections due to vorticity. This covariant form of the response can be analyzed numerically by
establishing the numerical universality (up to the form of the interplay between the anomaly A and
the broken symmetries) of the coefficient ΣASCE . Our results suggest that the superfluid component
(the only one present at zero temperature) gives a contribution of the form (4.56) with
ΣAAASCE =
C
3
(4.57)
being C a number that is fully determined by the anomaly coefficient.
For the U(1) × U(1) model the at zero temperatures there exists a subset of non-vanishing chiral
conductivities for which (4.56) applies, with
ΣAV VSCE =
C
2
. (4.58)
Equations (4.57) and (4.58) are very suggestive. The nature of the number in the denominator of
ΣASCE appears to be determined by the spontaneously broken symmetries that are contained in the
anomaly responsible for the chiral conductivity under consideration.
Furthermore, one could ask whether the conclusions presented here are universal, i.e. valid for all
holographic s-wave superfluids or even beyond the holographic approach. If (4.57) and (4.58) held in
general, it would imply that at zero temperature the anomalous conductivities have a robust value,
entirely determined by anomaly coefficients plus the interplay between the broken symmetries and
the anomalies.
We would also like to emphasize that formula (1.15) allows us to extract the coefficient termed
g1(T, µ/T, ξ
2/T 2) in [32]. At low temperatures, our numerical results for the CCGC and σ55 for the
U(1)3 anomaly are perfectly compatible with
g1(µ¯ >> 1) = −C
3
µ
T
(4.59)
In the case of the AVV anomaly, the compatibility seems to be not that straightforward.
In the notation of [35], σ55 ∼ (2Tg1 + µC). The coefficient g1 is continuous at the phase transition
but its derivative is not (see Figure 1) and hence σCCGE ∼ g1,ν is not continuous at µ¯c. This fact
explains why we do not observe that the CCGC vanishes at the phase transition.
Finally, let us mention that the electric field Ex = ∂[tAx] is a gauge invariant source in our setup,
so assuming that jy ∼ σCEEEx only, we would have expected
i
ξz
lim
ω→0
∂ωGyxra (ω, k)|ky=kx=0 =
i
ξz
lim
kx→0
∂kxGytra(ω, k)|ky=kx=0 (4.60)
to hold by gauge invariance. Here Gµνra are retarded correlators and the subindex "ra" represents
the correct combination of time and anti-time ordered sources with respect to which we vary the
generating functional.
Notice that the right hand side of equation (4.60) is also the Kubo formula for σCCGE , and therefore
σCCGE = σCEE should be enforced by gauge invariance of the external sources. This is not what we
13A cautionary remark is in order here. It is not clear to us whether an argument such as the one presented here
gives the complete answer, i.e. whether one can associate the parameter b in (4.55) to the actual σCCGE . Most likely
one cannot. The reason for our concerns is that, for instance, the reasoning does not distinguish between covari-
ant/consistent currents and overlooks the subtleties associated to the introduction of chemical potential/supervelocity
in the presence of anomalous symmetries. However, we believe that it serves to ilustrate the kind of transport phe-
nomena that we expect, for it works at the formal level.
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observe, compare Figures 2 and 3. The reason is that the constitutive relation of the current receives
contributions from terms other than the one associated to the CEE and therefore the limits taken in
(4.60) capture the influence of gauge-invariant sources that are not the electric field. Remarkably,
the effect of those other sources seems to vanish at low temperatures, as shown in Figure 11, for, at
T → 0, we recover (4.60). This supports the validity of the relation (4.56).
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Figure 11: σ(A)CEE/T (Left) and σ
(V )
CEE/T (Right) versus vector chemical potential at µ¯5 = 1 and
ξx/T = 0.1− 2.1 (bottom to top) computed in the two different kinematic limits allowed by gauge
invariance. For large enough values of the chemical potential the lines overlap. Notice that one of
the limits corresponds to the CCGC.
For future analysis, a possible direction concerns he computation of the Chiral Vortical Conduc-
tivity. This amounts to studying the system with backreaction. However, the complicated form of
the holographic gauge-gravitational anomaly introduces important difficulties. Moreover, it would
also be interesting to analyze the case in which the pattern of broken symmetries is U(2)→ U(1),
for in that case it is known that the spectrum of low-energy excitations is qualitatively different and
this could affect the anomalous conductivities.
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A Computing the Conductivities
To compute the conductivities we have followed the method developed in [46].
We rearrange the perturbations in a vector Φ(r, xµ) and work with the Fourier transformed
quantity
Φ(r, xµ) =
ˆ
ddk
(2pi)d
ΦIk(r)e
−iωt+i~k~x (1.61)
with Φk(r) being
Φ>k (u) = (At(r), Ax(r), Az(r), ...) (1.62)
(the specific structure depends on the case at hand, the number of coupled fields, etc.). The
general form of the boundary action is [46]
δS(2) =
ˆ
ddk
(2pi)d
[
ΦI−kAIJΦ′Jk + ΦI−kBIJΦJk
]
(1.63)
where the prime stands for d/dr. To calculate the retarded correlators we solve the equations for
the perturbations with infalling boundary conditions, on the one hand, and boundary conditions
ΦIk(r → ∞) = φIk on the other. This procedure should give us the desired Green’s functions, after
taking the variation of (1.63) with respect to the fields at large values of r. Moreover, if
ΦIk(r) = F
I
J (k, r)φ
J
k (1.64)
then F IJ (k, r →∞) = 1 is the bulk-to-boundary propagator. The retarded two-point functions,
from which we are able to read directly the transport coefficients, are then computed as
GRIJ(k, r →∞) = −2 limr→∞
(
AIM
(
FMJ (k, r)
)′
+ BIJ
)
(1.65)
The AIJ and BIJ matrices depend only on the background and also upon the model under
consideration. We provide their values below
A.1 U(1) model: AIJ and BIJ matrices
The matrices turn out to be independent of the supervelocity and its direction, once we neglect
the contribution of the Chern-Simons term to define the covariant currents. We get
A = −1
2
rf(r)Diag(1, 1)
B = 0
BCT = ln r
4
(
k2
√
f(r)
r
− ω
2r√
f(r)
)
Diag(1, 1) (1.66)
Notice that the counterterms do not contribute to the anomalous transport coefficients, for BCT
only has diagonal entries, which furthermore are of second order in ω and k.
A.2 U(1)× U(1) model: AIJ and BIJ matrices
In this case we get the same results as before, independently for the axial and vector fields,
namely
Aaxial = −1
2
rf(r)Diag(1, 1)
Baxial = 0
BaxialCT =
ln r
4
(
k2
√
f(r)
r
− ω
2r√
f(r)
)
Diag(1, 1) (1.67)
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and
Avector = −1
2
rf(r)Diag(1, 1)
Bvector = 0
BvectorCT =
ln r
4
(
k2
√
f(r)
r
− ω
2r√
f(r)
)
Diag(1, 1) (1.68)
B Equations of Motion
B.1 Momentum transverse to the supervelocity for the U(1) model
0 = fρ′′ +
(
f ′ +
3f
r
)
ρ′ +
(
ω2
f
+
φ2
f
− V
2
r2
− k
2
r2
−m2
)
ρ+
2iωφ
f
δ + 2atΨ
φ
f
− 2az
r2
ΨV (2.69)
0 = fδ′′ +
(
f ′ +
3f
r
)
δ′ +
(
ω2
f
+
φ2
f
− V
2
r2
− k
2
r2
−m2
)
δ − 2iωφ
f
ρ− iΨωat
f
− k i
r2
Ψax (2.70)
0 = fa′′t +
3f
r
a′t −
(
k2
r2
+ 2Ψ2
)
at − ωk
r2
ax − 4Ψφρ− 2iωΨδ − 16ikκ f
r3
V ′ay (2.71)
0 = fa′′x +
(
f ′ +
f
r
)
a′x +
(
ω2
f
− 2Ψ2
)
ax +
ωk
f
at + 2ikΨδ +
16iκ
r
ωV ′ay (2.72)
fa′′y +
(
f ′ +
f
r
)
a′y +
(
ω2
f
− k
2
r2
− 2ψ2
)
ay + 16ik
κ
r
φ′az − 16iκ
r
V ′ (ωax + kat) = 0 (2.73)
fa′′z +
(
f ′ +
f
r
)
a′z +
(
ω2
f
− k
2
r2
− 2ψ2
)
az − 16ikκ
r
φ′ay − 4VΨρ = 0 (2.74)
and the constraint
0 =
iω
f
a′t +
ik
r2
a′x + 2Ψ
′δ − 2Ψδ′ (2.75)
Where ai are the perturbations of the axial gauge field. ρ and δ are the real and imaginary parts
of the perturbations of the scalar field, respectively. Momentum points in the x-direction, transverse
to the superfluid velocity that points in the z-direction. We observe that now the equations become
more complicated, with the perturbations of the scalar coupled to all the fields, including the
transverse sector. This can imply that the Quasinormal Modes now get affected by the anomaly.
B.2 Momentum parallel to the supervelocity for the U(1) model
The equations for the relevant sector with momentum aligned to the supervelocity read
v′′y +
(
f ′
f
+
1
r
)
v′y +
1
f
(
ω2
f
− k
2L2
r2
− 2ψ2
)
vy + 12ik
κL
rf
φ′az + 12ik
κL
rf
K ′vz
+12iω
κL
rf
V ′az = 0 (2.76)
v′′z +
(
f ′
f
+
1
r
)
v′z +
1
f
(
ω2
f
− k
2L2
r2
− 2ψ2
)
vz − 12ikκL
rf
φ′ay − 12ikκL
rf
K ′vy
−12iωκL
rf
V ′ay = 0 (2.77)
a′′y +
(
f ′
f
+
1
r
)
a′y +
1
f
(
ω2
f
− k
2L2
r2
)
ay + 12ik
κL
rf
φ′vz + 12ik
κL
rf
K ′az + 12iω
κL
rf
V ′vz = 0 (2.78)
a′′z +
(
f ′
f
+
1
r
)
a′z +
1
f
(
ω2
f
− k
2L2
r2
)
az − 12ikκL
rf
φ′vy − 12ikκL
rf
K ′ay − 12iωκL
rf
V ′vy = 0 (2.79)
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where v{y,z} and a{y,z} are the vector and axial perturbations respectively. Momentum points in
the x-direction, parallel to the supervelocity. Note that only the vector component couples to the
condensate, as could have been anticipated. This equations decouple from the equations for the rest
of perturbations.
B.3 Momentum transverse to the supervelocity for the U(1)× U(1) model
The equations read
fρ′′ +
(
f ′ +
3f
r
)
ρ+
(
ω2 + φ2
f
− k
2 + V 2
r2
−m2
)
ρ− 2
r2
ψV vz +
2φ
f
(ψvt + iωδ) = 0 (2.80)
fδ′′ +
(
f ′ +
3f
r
)
δ +
(
ω2 + φ2
f
− k
2 + V 2
r2
−m2
)
δ − i
r2
ψkvx − iω
f
(ψvt + 2φρ) = 0 (2.81)
fv′′t +
3f
r
v′t −
(
k2
r2
+ 2ψ2
)
vt − ωk
r2
vx − 2iωψδ − 4φψρ− 12ikκf
r3
V ′ay = 0 (2.82)
fv′′x +
(
f ′ +
f
r
)
v′x +
(
ω2
f
− 2ψ2
)
vx +
ωk
f
vt + 2ikψδ + 12iω
κ
r
V ′ay = 0 (2.83)
fv′′y +
(
f ′ +
f
r
)
v′y +
(
ω2
f
− k
2
r2
− 2ψ2
)
vy + 12ik
κ
r
φ′az + 12ik
κ
r
K ′vz−
12iω
κ
r
V ′ax − 24ikκ
r
V ′at = 0 (2.84)
fv′′z +
(
f ′ +
f
r
)
v′z +
(
ω2
f
− k
2
r2
− 2ψ2
)
vz − 4V ψρ− 12ikκ
r
φ′ay − 12ikκ
r
K ′vy = 0 (2.85)
fa′′t +
3f
r
a′t −
k2
r2
at − ωk
r2
ax − 12ikκf
r3
V ′vy = 0 (2.86)
fa′′x +
(
f ′ +
f
r
)
a′x +
ω2
f
ax +
ωk
f
at + 12iω
κ
r
V ′vy = 0 (2.87)
fa′′y +
(
f ′ +
f
r
)
a′y +
(
ω2
f
− k
2
r2
)
ay + 12ik
κ
r
φ′vz + 12ik
κ
r
K ′az−
12iω
κ
r
V ′vx − 12ikκ
r
V ′vt = 0 (2.88)
fa′′z +
(
f ′ +
f
r
)
a′z +
(
ω2
f
− k
2
r2
)
az − 12ikκ
r
φ′vy = 0 (2.89)
And the constraints
iω
f
a′t +
ik
r2
a′x = 0 (2.90)
iω
f
v′t +
ik
r2
v′x + 2ψ
′δ − 2ψδ′ = 0 (2.91)
Where ai and vi are the perturbations of the axial and vector gauge fields respectively. ρ and δ
are the real and imaginary parts of the perturbations of the scalar field, respectively. Momentum
points in the x-direction, whereas the superfluid velocity points in the z-direction.
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